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ABSTRACT

The paper studies the propagation of sonic bangs in an atmosphere where
the variation of the speed of sound with altitude causes the bang rays to be
curved by refraction. Winds, which also lead to curvature of the rays, are
not considered.

Phenomena of interest are "grazing," which occurs when a ray is tan-
gential to the ground, and "focusing," which occurs when the rays have an
envelope. Possible sonic bang patterns on the ground are studied, particularly
those associated with acceleration to a supersonic cruising speed.

Finally some methods are discussed for adapting the well-established
theory for the intensity of sonic bangs in a homogeneous atmosphere to an
atmosphere whose properties vary with altitude.

INTRODUCTION

Sonic bangs are the subjective manifestations of the shock waves
generated by an aircraft when it travels at a speed greater than that of
sound. The disturbances imparted to the air by the motion of the aircraft
form a series of "wavepackets," each of which is propagated along a "bang
ray." Whitham [1] has shown that well away from the aircraft the dis-
turbance pattern is relatively simple, and the wavepacket takes the form
of an "N-wave." This is illustrated in Fig. I. There is a sudden jump in
pressure at the bow shock to a value greater than ambient, then a linear
fall in pressure to a value less than ambient by an equal amount, then a
sudden jump again at the stern shock, and finally a decay back to ambient
conditions. Clearly this ideal N-wave is almost completely described by
the "pressure jump" at the bow shock, and by the "duration of the positive
phase."
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A knowledge of the sonic bangs that will occur under given circumstances
demands two things. First the bang rays along which the wavepackets are
propagated must be constructed to determine where bangs will occur.
Secondly, a study must be made of the variation of the pressure jump and
of the duration of the positive phase as the wavepacket travels along a
bang ray.

In this paper we study this problem for flight in an atmosphere whose
properties vary wit h altitude. The variation of the speed of sound causes
the bang rays t o be curved by refraction. Study of this curvature leads to
the concepts of "grazing" and of "focusing." In particular, a study is
made of the ground pattern of events that, occur when an aircraft,
accelerates to supersonic speed.

The atmosphere is assumed to be still and without, dissipative properties.
Accordingly winds, which can have an even more marked effect, on the
curvature of t he bang rays than I he variation ill atmospheric properties,
are not investigated. The main effect of the dissipative properties is to
"soften" the sudden jumps in pressure, as illustrated in Fig. 2. Although
the "rise time" thereby introduced is an important additional parameter,
the dissipative properties do not, greatly affect the pressure jump and the
duration of the positive phase, which are 1 he subject of study here.

BOW
SHOCK

PRESSURE STERN
JUMP SHOCK

I —

DURATION OF THE
POSITNE PHASE

Figure 1. An indeal n-wave.
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Figure 2. A "softened" n-wave.

THE OCCURRENCES OF BANGS

GENERAL CONSIDERATIONS

For the purpose of determining the occurrences of bangs an aircraft is
treated as a point that moves along the flight path. The bang rays that
emanate from a point of the flight path form part of a cone locally, but
owing to variations in the ambient speed of sound in the atmosphere the
bang rays are curved and in the large may be considered to form a "bang
conoid," as illustrated in Fig. 3. Each point of the flight path is the apex of
such a bang conoid.

In the present context the wavepackets are treat ed as points. The wave-
packets generated at a given point of the flight path, for example P in
Fig. 3, are propagated along the rays of the bang conoid through that
point. The positions of all the wavepackets that have been generated up
to a given time form a "wavefront." This is a colloid through the point,
for example Q, representing the aircraft. For an atmosphere which in its
undisturbed state is at rest the bang conoids and the wavefronts form two
families of orthogonal surfaces.

The bang conoids associated with each point of the flight path usually
have an envelope, which is the surface where the phenomenon of "focusing"
occurs. There is a curve on each bang conoid which is its line of contac t.
with the envelope. Each ray of a bang conoid meets this curve at the
"point of focus" for that ray. Each wavefront also intersects the envelope
in a curve. Along this curve the wavefront has a cusped edge, the wavefront
being as illustrated by the two-dimensional example shown in Fig. 4.
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A bang conoid intersects the ground in a curve called an "isopemp," as
shown in Fig. 3. Clearly an isopemp connects the points on the ground that
receive bangs generated at, the same instant of time. A wavefront inter-
sects the ground in a curve called an "isolabe," as shown in Fig. 3. Clearly
an isolabe connects the points on the ground where bangs are heard at the
same instant of time. The envelope, or "focus surface," intersects the
ground in a curve called a "ground focus line." The ground focus line is an
envelope of t.he isopemps and a cusp-locus of the isolabes.

THE BANG RAYS AND BANG CONOID

Consider an atmosphere which in its undisturbed state is at rest and in
which the speed of sound a is solely a function of altitude z. A bang ray
will lie in a vertical plane, and the law of refraction of the bang ray is

I)„,r —
a„  sec (p

a
(1)

where r is the distance of a wavepacket along the bang ray front the apex
of the bang colloid, re is the associated horizontal distance,  so  is the angle
that the bang ray makes with the horizontal at the apex, a„ is the speed
of sound at, the apex, and D is the differential operator with respect to Itr.

Equation (1) may also be written in the forms

D,r —
a„ sec (p

	
(2)

-\/ a: sec2q, — a2

Do —

a
(3)

N/ a: sec2y, — a2

Moreover since a wavepacket is propagated at approximately the speed of
sound, we have

1)1r = a

where t is time, which may be combined with Eq. (2) to yield

a„ sec (p
D ,rt — (4)

a -N./ O. sec2,p —  a'
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For I he I.C.A.O. standard atmosphere t he relat ion bet ween speed of
sound a and altitude z above sea level is given by

a2 = — z/zo) for z

a = a, for t Zt
(5)

where a„ = speed of sound at sea level (340.29 m/s)
a, = speed of sound at t he tropopause (295.07 m/s)
z, = altitude of the tropopause (11,000 ni)
z, = altitude of the tropopause (11,000 m) and to has the value

44,334  in

For this at mosphere Eqs. (2), (3), (4) can be hit egrated to yield the
equations of a bang ray and 1 he time AT for a wavepaeket to travel along
it. We obtain

r = — Z cosec z cosec

r = — Z cosec + ZEI
z z (p)

\Zo' t o' /

z,E'l z,

t o  Zo  (1'

for z, z, Z1

for z, Z z,

for z z Z= — Z cosec

1 ——
eosee so2  sec  so ktan ±sec2 so —

n1 —



= — Z cot (pz cot sr

te = — Z cot so +
zE2

	

\z,/

= — Z cot (pz,E2(-
zo zo

for z,z. Z

for z, Zz,

for t z,Z




where
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where

1 —  )
E2(77,,(p) = cot — tan go+ (psec

2
ÇO

ki 1 —  ( 2sec  ,p 1 —

1 — 1 —

+ sec 2 (p cos-I 1	 n cos (p)1 (9)

a„ AT = — Z cosec so + z cosec (p

(Z z )a. AT = — Z cosec yo + ZE3 — --, so
zo zo

a. (60- = — Z cosec so + ziEl(ZI,Z,zo. zo

where

E3(nS,,p) = cosec

for z, Z z

for  z zt Z

1 (10)

for  ze z, Z

1 — -

— 2 sec ± Cos-]
(.\/

	 coS  so } (11)
1 —

In these equations  Z  is the altitude of the apex of the bang conoid, and
the constants of integration have been chosen so that r = -of = AT = 0
at the apex. The positive signs apply to the point where the bang ray is
downgoing at the altitude z,and the negative signs to the point where it
is upgoing.

Now a bang ray makes an angle1 /2 ir — p wit h the direction of the fligh t.
path at its apex [2], where

cosec A = M = V/a n

and  M  is the Mach number of the aircraft at the apex and V is its speed.
If the aircraft is climbing so that the flight path makes an angle F with

 the horizontal, then the angle is related to the angle

Q between the
vertical plane containing the bang ray and the vertical plane containing
the tangent to the flight path by the relation

sin p = COS r cos Q cos (p + sin F sin (p (12)
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Therefore the equation of the bang colloid in cylindrical polar coordinates
co, l, z  with origin at the apex is obtained by eliminating  yo between Eqs. (8)
and (12). We shall need to express this equation in cartesian coordinates
with origin at some arbitrary point on the track (the projection of the
flight path on the ground). We shall derive this for the special case of
flight in a straight line. We shall take the zr-plane to be the vertical plane
through the flight path. Accordingly if x, y,  z,  are the cartesian coordinates
of a point on a bang colloid, they are related to the cylindrical polar
coordinates te, h, z  by the relations

f .711a„2 cos r dM ter S2x  cos (13)

y = To sin 52 (14)

where l is the acceleration of the aircraft.. In terms of the sante variables
the altitude of the aircraft. is given by

=
f 314 sin F 


Z 	 dM 


GRAZING

Some typical isopemps are shown in Fig. 5. When the bang conoid just
touches the ground the isopemp is merely t he point of contact,  G  (Fig.
5(a)). Figure 5(b) shows the usual case when the bang conoid intersects
the ground. The solid portion of the isopemp corresponds to downgoing
rays. The broken portion corresponds to upgoing rays, which are not-
experienced in practice. The I wo portions join at the "points of graze,"
G,  which are the points of contact of the tangents from toile projection of
t he apex of the bang conoid, A. Figures 5(c) and 5(d) are examples of what
can occur in diving flight.

The points of graze are of importance. They are given by the value of
y,  that makes the two values of P.:2(77,0,,p)in Eq. (9) equal, that is, by

for  Z zt

for  Zz,
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The relations (5) show that these two equations (16) may both be rep-
resented by the single relation

ao
cos so = --

a,
(17)

The locus of the points of graze associated with each point of the flight
path is called the "graze line." For a given flight plan it is given in para-
metric form by Eqs. (13), (14), where re is given by Eq. (8) with z = 0, S2 is
given by Eq. (12), and sois given by Eq. (17).

FOCUSING

The focus surface is the envelope of the bang; conoids. It is found by
expressing the condition that the bang colloids of adjacent points on the
flight path intersect. The equation of the focus surface for the special
case of flight in a straight line in the stratosphere is, therefore, the eliminant
of  dM dZ, dso, dro, (112 from the following five equations, which are derived
front Eqs. (8), (12), (13), (14), (15).

	

z,E2, et, z ,  so dco
dce = —  cot so dZ +[Z  cosec2

zo zo

1
--

M-2
dM = —  cos F sin S2 cos so dt.l — (cos r cos S2 sin so

— sill 1' cos so)  dso

Ma!  cos I'
0  — dM +  cos S2 dcs —w sin St d.S2

0 = sin Sl  dco tt  cos Sl c/S2

2  dZ — Ma. sin r
dM

V

where  E 2'(n,,(P)  is the derivative of E2(7M-,99) with respect t o so, and is given
by

E2'(nS,<P) = — cosec2 so— 2 1 — 77 sec 2 (p tan so Icot so+ so

1 —  / (see 2_ 1 — 	
+ cos  (\f-i COS f1L 1 — ni 1 — n 1 —
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eliminant is

VZ  sec2 F sec2 S2cosec  ço tan2 (p

a2  AP v1/Z

(1 — tan I' sec II cot (p 


2cosee tZt\tZt Z

kz) zo zo

(18)

where ut, S2,(p  are given in t erms of .r,  y and the flight variables by Eqs. (12),
(13), (14).

The ground focus line is given by put ting z = 0 in Eq. (18). A typical

ground focus line, t oget her wit h the associated isopemps, for an aircraft

doing a st raight and level acceleration t o supersonic speed is shown in Fig.

6. For clarit y t he associat ed pat tern of isolabes is shown separat ely in Fig. 7.
Now in (1HAZING it was shown that only part of each isopemp corre-

sponds to downgoing rays: this part is represented by the full portion of

the curve lying to the left of t he point of contact with the graze line

GCBCG in Fig. 6. Correspondingly only part of the ground focus line

FCACF corresponds to downgoing rays: t his part. is 1he full portion of t he

curve CAC. The graze line, t he focus line and the local isopenip (in this

case I hat for il = 1.22) all touch at 1he points C. Further the boundary

GCACG of the area subjected to bangs (sometimes called the "cutoff

line") is given by t he focus line from A up to the point s  C, and by the graze

line beyond t he points C.
Focusing occurs, therefore, to a limited extent- on t he ground, rep-

resented by the portion of curve  CAC  in Fig. 6. The extent of this focusing

is determined mainly by t he location of the point on the track A and the

points of graze r. The focused bangs received at these points are generated

at Mach numbers which depend upon the instantaneous values of the

aircraft 's altitude, angle of climb and acceleration, and which are given

by Eqs. (12), (18). The fore-and-aft distance bet ween the point on the

track A and t he points of graze can be derived from a knowledge of t he

"forward t brow" of a bang, mid t he lateral distance bet ween the points of

graze C front a knowledge of I lie "lateral I brow," or lateral distance from

the t rack of a bang. These quantities too depend upon 1he instantaneous

values of t he aircraft 's altil ude, angle of climb and acceleration. The

lateral extent  di  of the ground focus line is simply twice t he lateral throw

of t he point of graze C. The fore-and-aft extent df depends upon t he manner

in which t he aircraft accelerates over the distance Ll.r from Ihe apex of t he

bang ray t hrough A to t lte apex of the hang ray through.C, and is given by

= (forward t hrow of Ci — (forward throw of A) +
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The manner in which the aircraft accelerates can be exhibited as a curve
in what is effectively the velocity-acceleration plane, of which Fig. 8 is a
diagrammatic example. A focused bang is first received when an aircraft
crosses the curve for which a focused bang occurs at a point on the track.
Throughout the shaded region focused bangs continue to be generated,
until the aircraft crosses the curve for which focused bangs occur at the
points of graze.

Two examples of acceleration path are shown in Fig. 8. ABCD  rep-
resents a steady acceleration, and  A'B'CD  represents a "cutback"
technique, designed to reduce the extent of focusing to a minimum. The
fore-and-aft extent of the ground focus line  df  for these two examples is
shown in Fig. 9, for zero angle of climb at an altitude of 13,200 m (43,300 ft).
Although for steady acceleration the fore-and-aft extent. of the ground
focus line does not depend very much on the acceleration, Fig. 10 shows
that the lateral extent  d1  can be reduced appreciably by reducing the
acceleration. For the cutback technique the fore-and-aft extent has been
plotted in Fig. 9 against the acceleration after cutback, and the Mach
number at which cutback is made is shown. The cutback technique
appreciably reduces the fore-and-aft extent, and, moreover, the lower the
Mach number at cutback the greater the reduction.

Unfortunately cutback is inconsistent with the need to get to cruising
speed and altitude as quickly as possible. However, all that is really
necessary is that the fore-and-aft acceleration be suddenly reduced: this
can be achieved by suddenly increasing the angle of climb. For we have,
approximately, t hat

T —  D JT
— r

gZ/a2“

where  T =  thrust of the engines
D =  drag of the aircraft
W = weight of the aircraft
g =  gravitational acceleration (9.81 ni/s2)

Clearly, therefore, a reduction in fZ/a2. can be achieved not only by
cutting back the engines— that is by reducing  (T — D)/W—but also by
increasing the angle of climb F. Figure 11 shows the variation of the fore-
and-aft extent of the ground focus line  df,  and also the amount of engine
cutback At(T — D)/ IV], as a function of the Mach number at cutback for
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CURVE FOR WHICH
FOCUS OCCURS AT

A POINT OF qRAZE

A FOCUS OCCURS
SOMEWHERE FOR
ALL POINTS WITHIN
THIS SHADED REqION

CURVE FOR WHICH
FOCUS OCCURS AT
A POINT ON THE

TRACK

A

0 VZ

T.Ta.

ZFigure 8. Diagram of different acceleration paths in the M, plane.
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the two cases of simple cutback and cutback involving an increase in the
angle of climb. The difference in the fore-and-aft extent is small, but the
cutback and climb technique leads to an appreciable reduction in the
amount of engine cutback.

= I•2 0

2. 4
STEADY ACCE.LERATION
(As PATH AB CD IN Flq.8)

2

df

1

1-24 = MACH NUMBER AT CUTBACK
1-22

1-2
I 2

I•18
UTBACK TECHNIQUE

(AS PATH A'B'C D IN Fig. s)
0 • 8

0 - 4

0 0.04 0-08 0.12 0-16 0.2
Z

CL72,

Figure 9. Fore-and-aft extent of the ground focus line.
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0_ =z t

4

3.2

clt

2 4

I -6

0.8

0
0 0 • 04 0.08 0 • 12 0.16 0 • 2

N./Z

0-20.

Figure 10. Lateral extent of the ground focus line.
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—
2t= 1 • 2

0-12

0.08

[Tw—C1]

0.04

0

1-6

00'

.••••

1.2

cL

0 • 8
SI MPLE CUTBACK

CUTBACK INVOLVING AN
INCREASE IN ANGLE OF
CLIMB FROM 0 TO 0.05 RAO

0.4

0
1.14 1 • 16 I. 18 1.2 1.22 1. 24

MACH NUMBER AT CUTBACK

Figure 11. Effect of going into a climb at cutback.
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THE INTENSITIES OF BANGS

FREE-AIR PREDICTIONS FOR 1, UNIFORM AT IOS PHERE

The free-air pressure jump and duration of the posit
bang have been derived rigorously only for the case of
phere. The classical formula [21, valid at large distances
are

, e phase of a static
a uniform atmos-
from the aircraft,

AP 21/4y Ma" 	 15.6011/2 K fp + 1)1/2 (1112 1)1/4 r3/4

aC,. t = 21/1 (y + 1) 0 2 	 1113" 

(11/12 — 1)1/4 1"f (71011/2K1




	

where AP pressure jump

	

At duration of the positive phase
P „ = ambient, air pressure
a. = ambient speed of sound

= air specific heats ratio (taken as 1.4)
M = aircraft Mach number

= distance along a bang ray, and no value of
5-(77) is a maximum

V))) is given by

(n) = :1F,,(77) — (1112 — 1)1/2 cos

where

f " (4 


= -2; ja S'Q) (77 _ 1/2

9 71- o "YP, 1 1/2 — OT/2
1 f 	 (E) dE

for which

(21)




sq) = cross-sectional area at station E from the nose
L(0 lift from the nose to station E

angle that the plane containing the lift direction and the
tangent to the flight path makes with the plane containing
the bang ray and the tangent to the flight path: # is acute
when 1 he lift has a positive resolute along the direction of
the bang ray: in particular # = r on the track for steady
straight and level flight.
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Kf  and  Kf'  are so-called focus factors, and are given by

, - 	 f rIrf 	 1/2 dx 	 1-"2
iïf — t (0.41/2 0 [X(1 _ X)[1/2f

j r/rf ,/, dx 1 1/2

 
—  0 ./r1)1/2

f
Ix(1 )4j1/2f

where rf is the distance along t he bang ray to the point of focus on that ray.
Kf  and  Kf'  are shown as functions of the proportional distance along a ray
towards the focus,  r/rf,  in Fig. 12. According to Eq. (24),  Kf  tends to
infinity as the focus is approached. However, the theory upon which this
result is based then breaks down. Wavepackets propagated along neigh-
bouring bang rays interfere when the rays converge. This modifies the
wavepacket s from the usual N-wave form shown in Fig. 1. However, some
far from rigorous theoretical studies and sonic experimental results suggest
that in t he neighbourhood of the focus the maximum overpressure attained
is of t he order of t hat. predicted by Eq. (19) with  Kf  having a value around 2.

EXTENSION TO AN ATMOSPHERE WHOSE PROPERTIES VARY
WITH ALTITUDE

The properties of a real atmosphere, when still, vary with altitude only.
There are no published theoretical methods for predicting the intensities
of bangs for arbitrary flight in such an atmosphere. Empirical rules must
therefore be employed. It is usually assumed [3] that the free-air pressure
jump and duration of the positive phase for a real atmosphere are still
given by Eqs. (19), (20), except that  r is  now the arc distance along a
curved bang ray, and  P.  is replaced by  A/P0P-0  and a by  a„,  where  P,  and
Pa are respectively the ambient air pressures at ground level and at the
altitude of the aircraft when it generat es the bang, and a, is the ambient
speed of sound at ground level. Specifically, it is assumed that the free-air
pressure jump and duration of t he positive phase are given by

2"7 	 m 3/4 [ vno[1/2 (pa)1/2
AP
pg  + 0 o112 p _ 1r 4 r314 pg K

M3/4
a,  At  = 21/4(7 + 1)

1/2 1/4

	

(312 — 1)1141 1 (no)11/2
Kf'

hut t hat in Eq. (23) for  1(77) I) co is replaced by  P„.
(luiraud's work [4] and many flight experiments suggest that any errors

introduced by these empirical rules are not significant.
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Figure 12. Focus factors.
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EFFECTS NEAR THE GROUND

So far we have discussed the propagation of wavepackets under what are
called free-air conditions, that is, away from ground and buildings. Near the

ground and buildings the wave form is complicated by reflections and

absorption.

Figure 13 shows the regular reflection that occurs when an N-wave is
incident upon flat perfectly reflecting ground at an angle not near to

grazing incidence. A recording instrument at D records two distinct
N-waves, these being respectively the incident and reflected N-waves.

This represents two double-bang events. At C the two N-waves abut, the

bow shock of the reflected N-wave arriving simultaneously with the stern
shock of the incident N-wave. This leads to a triple-bang event, the middle
bang having twice the pressure jump of the other two. At B the incident.

and reflected N-waves overlap. This leads to a quadruple-bang event. At
:I, on the ground itself, reflection causes a single N-wave, owing to the

superposition of the incident and reflected N-waves. The two bangs are of
t wice their free-air pressure jump.

When an N-wave is incident upon the angle formed by a wall and the
ground the situation is still further complicated. From Fig. 14 it is easy
to see that the waveform is made up of the overlapping of four N-waves,
these being the N-waves that travel along the incident ray, and along the

rays that undergo reflections from the ground alone, the wall alone, and
front both the ground and the wall. This leads to a maximum of eight
bangs in all. If an observer is so positioned that the four N-waves arrive

siniultaneously, then bangs of up 1.0 four times the free-air pressure jump
would occur.

When an N-wave is incident upon flat perfectly reflecting ground at an

angle near to grazing incidence Nlach reflection may occur. Tile precise
nature of the waveform pattern in this case is not yet fully understood,
but it appears that the pressure jump experienced on the ground can be

less than twice the incident free-air pressure jump associated with regular
reflection. It may be as low as 1.5 times.

We have seen that the nature of the waveform, and hence the intensities

of bangs, in the neighbourhood of ground and buildings depends upon the
position of an observer relative to the ground and buildings, and upon t he
angle of incidence of the wavepacket. Nevertheless a rough attempt is

usually made to assess the maximum overpressure likely to be attained by
int roducing a further factor Kr, called a reflection factor, to the right-hand

side of Fq. (2(i). Indeed, the free-air intensity is somewhat artificial, for it
does not apply in conditions t hat are commonly met. Accordingly it has
become customary to quote intensities for a condition "near the ground in
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the open," for this is closely the condition experienced on the ears of an
Observer standing on flat open ground away from buildings, etc. It cor-
responds to point A in Fig. 13. Moreover, as a standard, in the absence of
knowledge of the nature of the ground, or of the angle of incidence of the
wavepacket, it is usual to assume that the ground is perfectly reflecting,
and the incidence not near grazing. As we have seen this leads to a reflec-
tion factor K„ of 2 in determining the pressure jump near the ground in
the open.

EFFECTS OF AIRCRAFT SHAPE AND LIFT

The formulae given by Eqs. (26), (27) depend upon the value of a(n0).
If the aircraft has negligible lift ff(no) can be approximated by
which, by Eq. (22), depends on the volume distribution only. We can write

(no) = K:
3nS la 2x

	

(28)

where Smax is the maximum cross-sectional area of the aircraft, u is its
volume, and K, is a "volume distribution factor." Its value depends upon
how the volume of the aircraft is distributed, but is usually about.0.55.

When the aircraft has appreciable lift we must use (no) itself. Equations
(21), (22), (23) show that this depends not only on the distribution of lift
as well as of volume, but also upon the Mach number of the aircraft and
1he position of the observer relative to its track. We shall consider the case
in whichthe aircraft has sufficient lift for (.770)to be dominated by l(no).
If the lift is borne mainly by a wing of length c, Eq. (23) (with P. replaced
by P„) shows that.

500 — (312 — 0' COS i,i(710)

K 2  (312 — 1)1/2 COS t, W
I 1112 / 2

(29)

where 117is the weight of the aircraft., and K1 is a "lift distribution factor."
Its value depends upon how the lift is distributed, but is usually about 0.6.
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SYMBOLS

a speed of sound
a. speed of sound at the altitude of the aircraft
a, speed of sound at sea level
at speed of sound at the tropopause
a speed of sound in a uniform atmosphere

length of wing over which the lift is borne
drag of the aircraft
fore-and-aft extent of the ground focus line

d1  lateral extent of the ground focus line
E1(n,-,cp)  function defined by Eq. (7)

function defined by Eq. (9)
E2TItS,to) derivative of E2(?7s0) with respect to io
E3(nS,,p) function defined by Eq. (11)

. (n) function defined by Eq. (21)

az(n) function defined by Eq. (23)
function defined by Eq. (22)
gravitational acceleration

K1  focus factor for pressure jump, defined by Eq. (24)
focus factor for positive duration, defined by Eq. (25)

K1  lift distribution factor, defined by Eq. (29)
K,  reflection factor
K,  volume distribution factor, defined by Eq. (28)
1:,( ) lift from the nose to station

Mach number of the aircraft
P„  ambient pressure at the altitude of the aircraft
P,  ambient pressure at sea level
P. ambient pressure in a uniform atmosphere
AP pressure jump

distance along a ray from the aircraft
distance along a ray from the aircraft to the point of focus

S(E) cross-sectional area at station E from the nose
maxinium cross-sectional area

7' t hrust of t he engines
ime

At duration of the positive phase
V speed of the aircraft

forward acceleration of the aircraft
volume of t he aircraft

W weight of the aircraft
horizontal distance along the track
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lengt h of focus-generating portion of the flight path

horizontal distance from, and at right angles to, the track

alt it ude of t he aircraft

al t it ude

z,  altitude Of 1he I ropopause

altitude (lefined by Eq. (5)

a»gle of climb

7 air specific heats rat io

value of 77for winch (n) is a maximum

angle that the plane containing the lift direction and the
tangent to the flight path makes with the plane containing

the bang ray and the tangent to the flight path:  d  is acute

when Ihe lift has a positive resolute along the direction of the

bang ray: in particular d = 71"on the track for steady straight

and level flight

lad) angle of ihe aircraft

TEr horizontal distance from the aircraft

LIT  time taken for a wavepacket to travel along a bang ray

(19 angle that a bang ray makes with t he horizontal at its origin

angle bet ween the vertical plane containing a bang ray and

the vertical plane containing the tangent to the flight path

REFERENCES

\Vhitham, G. ft, "The Flow Pattern of a Supersonic Projectile,- ( omm. on P. awl

A. Muth., vol. V, no. 3 (August 1952), pp. 301-345.

Warren, C. II. E., and I). G. Randall, -The Theory of Sonic Bangs, in  Prny. in

Acron.  vol. 1 (New York: Pergamon, 1901), pp. 235-274.

Warren, C. Il. E., "An Estimation of the( )ccurrence and Intensity of Sonic Bangs,"

Enpublislwd Unit(d Kingdom Alinistry of Supply Report (September 1954).

1.Guirand„J. P., "Structure asymptotique des ondes sonores non litn..aires (mises

par tin avion supersonique et th6orie du bruit halistique," Preprint 45, Third
Congress I.C.A.S., Stockholm (August 1902).

COMMENTARY

J. P. GITIRArD (ihatillons Baqociu. France): Le Docteur Warren
a mentionné dans sa ecniférence le pnibleine de l'intensité du liang au voisinage
de la focalisation. C'est un trs difficile pi()l)Rmie mais je voudrais  signaler qu'il est
possible  d'élalmrer un coininencement de théorie rationnellement fon(lée.
peu de réflexion montre que le pn)lilème est linéaire parce qu'il est local et que
l'on n'a pas à prendre en compte le phénonns‘ne d'accumulation qui contrilme à
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construire l'onde en N hors focalisation. Ou peut alors avoir recours à une théorie
acoustique. Je ne peux ici qu'indiquer les résultats de l'étude. Si désigne la
surpression relative Ap/po hors focalisation, la surpression relative au voisinage
de la caustique cot 0(E5/6) ce qui indique que l'on est en présence d'un coefficient
d'amplification 0(Ei/6). On trouve également que ce coefficient d'amplification
varie comme R-1/ 3 si R est le rayon de courbure de la surface caustique, s'agissant
en fait de la section par un plan normal parsant par le rayon sonore.

COMMENTARY

H. LEE (Handley Page, Ltd., London): The paper shows that the bang is re-
duced if acceleration is reduced and if transition to supersonic speed occurs in a
climb. Has Mr. Warren studied the effect of increasing the angle of climb beyond the
30 quoted in the paper? Clearly increasing the height at which you go transsonic will
reduce the bang and if steep climbs also help, it seems that the requirement for
reduced bang may lead to rather large engines and perhaps big wing areas. This
would suggest an aeroplane capable of flying at a fairly high Mach number. Perhaps,
therefore, the American concept of the M-3.0 SST may be less offensive on the
ground than the Anglo-French M-2.0 or 23 aeroplane. I would like to hear com-
ments from designers on this. Has Mr. Warren made any assessment of a possible
weight penalty due to extra engine size and weight?

COMMENTARY

Y. TAUB (Technical University, Delft, Netherlands): I should like to ask Mr.
Warren whether he could tell us something on the influence of the "cutback"
method on the fuel consumption. The fuel consumption may increase appreciably
during the transition period.

COMMENTARY

A. GOLDSMITH (British Aircraft Corporation (Operating) Ltd., Bristol,

England): I would like to reply to Mr. Lee. The essence of Mr. Warren's "cutback"
technique is the use of a low value of the longitudinal acceleration in the critical
speed range. The climb is only one possible way of achieving this and does not in
itself contribute very significantly to the reduction in boom levels. Thus there is
no design pressure to overengine the aircraft for this reason.

The low acceleration climbs are certainly not optimum from a performance point
of view, but the actual fuel penalties involved are in fact quite small.
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REPLY

In reply to Mr. Lee, the paper shows that the extent of the area on the ground
subjected to focused bangs is reduced if acceleration is reduced, especially if it
is reduced in the manner referred to as the cutback technique. And, of course, one
way of reducing the acceleration without reducing power is to go into a climb. I
have not made specific calculations other than those described in the paper. In
regard to Mr. Lee's later points about the type of aircraft likely to be least offensive
from the sonic bang point-of-view, I must point out that the area subjected to
focused bangs, with which I have dealt primarily, is only part of the story. The
intensities of the bangs is also important, and, as Mr. Goldsmith has indicated,
these are not reduced significantly by the techniques proposed. Indeed, putting in
large engines and putting on a bigger wing in order to be able to make the accelera-
tion to cruising speed in a steeper climb and at a greater altitude would not neces-
sarily lead to less intense bangs if they led to a larger aircraft.

In reply to Mr. Taub, there is of course some penalty in fuel consumption
associated with the cutback technique, especially if it is done by reducing power,
but the calculations that I have done support Mr. Goldsmith's contention that the
penalties are in fact quite small.




